Abstract. If we investigate symmetry of an infra-nilmanifold M, the outer automorphism group of its fundamental group (an almost-Bieberbach group) is known to be a crucial object. In this paper, we characterise algebraically almost-Bieberbach groups £ with finite outer automorphism group Out(£). Inspired by the description of Anosov diffeomorphisms on M, we also present an interesting class of infinite order outer automorphisms. Another possible type of infinite order outer automorphisms arises when comparing Out(£) with the outer automorphism group of the underlying crystallographic group of E.
and we denote its inverse by log. Then, for any automorphism v:L-*L, there exists a unique automorphism dv:I->l (the differential of v) of Lie algebras, making the following diagram commutative
If we now fix a basis of I (as rc-dimensional vector space), each automorphism v of N corresponds to a matrix A v e Gl(n, U) (representing dv on 1).
An automorphism v of N (or its unique lift v e Aut(L)) is called unipotent if and only if A v is unipotent, i.e. all its eigenvalues are one. In the sequel, we will refer to the eigenvalues of A v as the eigenvalues of v (of v). In fact, as proved in [3] , the set of eigenvalues of v is exactly the collection of the eigenvalues of the induced automorphisms (by considering restrictions and passing through quotients) of the finite dimensional 
. [17, Lemma 2]. If v is an automorphism of a torsion-free, finitely generated, nilpotent group N which induces a unipotent automorphism on N/^y 2 (N), then v is unipotent.
This immediately implies that inner automorphisms of N are unipotent. An automorphism v of N (or its unique lift v e Aut(L)) is called virtually unipotent if and only if there is a power of A v which is unipotent. Obviously, we have LEMMA 
// v is an automorphism of a torsion-free, finitely generated, nilpotent group N which induces a virtually unipotent automorphism on N/Vy 2 (N), then v is virtually unipotent.
Note that all eigenvalues of a virtually unipotent automorphism v of N are of absolute value one (since all eigenvalues of a unipotent matrix are one). In this context (not in general however), also the converse holds since all coefficients of the characteristic polynomial of A v are integers and hence all eigenvalues are roots of unity (e.g. [1, proof of Prop. 2.2], [19, Lemma 11.6] ). Consequently, an automorphism of N is virtually unipotent if and only if all its eigenvalues are of absolute value one.
Symmetry of infra-nilmanifolds: an algebraic approach.
Let L be a connected and simply connected, nilpotent Lie group. We write Aff(L) = L X! Aut(L) for the group of affine diffeomorphisms of L with group law (/, a) • (/', /3) = (/ • a(l'), a °/3). Aff(L) acts in a natural way on L; for x,y e.L and a e Aut(L), (x,a)-y=x a(y). Let C be a maximal compact subgroup of Aut(L). An almost-crystallographic group is a discrete and uniform subgroup £ of the semi-direct product L x C c L X) Aut(L) = Aff(L). The translation subgroup N = E D L is a lattice of L and is the unique normal subgroup of £ which is maximal nilpotent. The quotient F = E/N, which is called the holonomy group, is a finite group acting faithfully on L. If £ is torison-free, then £ is an almost-Bieberbach group and the corresponding compact orbit space M = E\L is an infra-nilmanifold. Therefore, almost-Bieberbach groups are exactly the fundamental groups of infranilmanifolds. Clearly, this set-up is a straightforward generalisation of the classical theory of Bieberbach groups and flat Riemannian manifolds (i.e. the situation L = U").
Write Aff(/W) for the group of affine diffeomorphisms of an infra-nilmanifold M onto itself or equivalently, Aff(M) is the group of diffeomorphisms of M whose liftings to its universal cover L belong to Aff(L). In fact, Aff(M) can also be seen as the group of diffeomorphisms of M arising by conjugation in
with kernel £). Write 4>:Aff(M)-*Out(£) for the natural homomorphism defined as follows: conjugating £ (cAff(L)) with a homeomorphism / in A' Afl(/) £ induces an £-automorphism which represents Q>(q(f)) e Out(£). Due to the work of K. B. Lee and F. Raymond ( [12] ), the classical second Bieberbach theorem was generalised towards almost-crystallographic groups, stating that each automorphism of £ can be realised as affine conjugation in Aff(L). Hence, <J> is surjective. It is also known that C An( /.)(£) is isomorphic to L 1 ', the set of points fixed by the canonical action of the holonomy F on L ( [10] ). Consequently, we have the following commutative diagram built with exact rows and columns:
We think of symmetry of an infra-nilmanifold in terms of finite groups acting effectively on it as a group of affine diffeomorphisms. A finite subgroup F of the outer automorphism group of an almost-Bieberbach group £ acts effectively as a group of affine diffeomorphisms on the corresponding infra-nilmanifold M if and only if this faithful, finite abstract kernel F->Out(£) can be realised by an extension ( [10] ). This is of course of major importance for this topologically inspired topic since it allows to convert the study of this kind of symmetry aspects of the infra-nilmanifold M into an algebraic problem of realising faithful, finite abstract kernels by a group extension.
If L' is trivial (we refer the reader to [9] for an equivalent algebraic condition), then every finite group acting effectively on the infra-nilmanifold M as a group of affine diffeomorphisms, is projected isomorphically in Out(£) by «&. Hence, the finite subgroups of Out(£) will control the symmetry of M. In general however, if L F is not trivial, our approach (via the finite subgroups of Out(£)) is only a partial step towards a complete study of all finite, effective group actions on the infra-nilmanifold M. In fact, if there is a non-trivial center, say of rank
Even if V = {1}, a complete survey of all symmetry aspects of an infra-nilmanifold M is only possible if we can classify (up to conjugation) all finite subgroups of the outer automorphism group of the almost-Bieberbach group E. In case Out(£) is infinite, in general such a classification is extremely hard to obtain. Therefore, we look for almost-Bieberbach groups with finite outer automorphism group and try to characterise them (or outer automorphisms of infinite order) algebraically.
Main results.
Our first objective is to generalise a well known result for Bieberbach groups stating that a n-dimensional Bieberbach group has only finitely many outer automorphisms if and only if the centraliser of its holonomy in Gl(n,Z) is finite ( [20] ). In fact, we will show that an almost-Bieberbach group has only finitely many outer automorphisms if and only if the centraliser of its holonomy group in the outer automorphism group of its translation subgroup is finite (Theorem 3.2).
When working with nilpotency, reduction to the abelian situation is frequently used. In this perspective we will prove that, when the underlying crystallographic group Cr(£) of an almost-Bieberbach group E has only finitely many outer automorphisms, then Out(£) can only be infinite if and only if there exists a well determined kind of unipotent automorphisms of its translation subgroup N having infinite order in Out(A') (Theorem 4.4). Conversely, we present a sufficient condition (also in Theorem 4.4) to have that Out(£) is finite implies that Out(Cr(£)) is finite. Here the authors want to remark that they believe that this condition is much too strong. However they are not able to find a weaker one. It is even an open problem to find an almost-crystallographic group E with finite outer automorphism group but such that Out(Cr(£)) is infinite.
We also indicate another possible class of infinite order outer automorphisms of an almost-Bieberbach group E. Namely, an automorphism of E, restricting to an automorphism of its translation subgroup which is not virtually unipotent, induces an infinite order element in Out(£) (and also in Out(Cr(£))) (Theorem 5.4). As an interesting consequence, this will imply that the outer automorphism group of the fundamental group of an infra-nilmanifold supporting an Anosov diffeomorphism is always infinite (Corollary 5.7).
Finally, the authors want to remark that it is still an open problem (closely related to the one stated above) to discover and describe other possible classes of infinite order outer automorphisms of an almost-Bieberbach group or perhaps, to prove that the two types discussed in this paper cover all possibilities.
3. Extensions realising a faithful finite abstract kernel and having only finitely many outer automorphisms. In [8] , for group extensions 1-»/V-»£ -»£ ->1 realising a faithful abstract kernel F->Out(N), commutative diagrams were developed to describe Aut(£, N) (the group of all £-automorphisms mapping N onto itself) and Out(£, N) = Aut(£,A0/Inn(£).
The initiating cases to us were the almost-crystallographic groups. As abstract group, a group £ is almost-crystallographic if and only if £ contains a finitely generated, torsion-free, nilpotent normal subgroup N of finite index, which is maximal nilpotent in £ ( [11] ). The corresponding extension 1-> N-> E^> F->1 is called essential. A basic fact concerning these extensions is that an essential extension induces a faithful abstract kernel ( [5] ). Consequently, the theory developed in [8] can be applied and moreover, since N is characteristic in £, we are automatically concerned with the complete (outer) automorphism group of £.
Let us recall the theoretic set-up to construct the fundamental automorphism diagrams mentioned above. For more details, we refer the reader to [8] . 
The quotient Q equals
and fits into an extension
Here M% a denotes the image of M^, a under *,
and this is contained in
kernel, the following algebraic criterion (formulated only in terms of the abstract kernel!) to have only finitely many outer automorphisms. PROPOSITION 
Let \p: F -> Out(/V) be a faithful and finite abstract kernel. Assume Z(N) is finitely generated and 1->/V-»£->f->1 is an extension realising tp. Then Out(£,/V) is finite if and only if N Ou n N) tj/(F) is finite if and only if Co utlN) tp(F) is finite.
Proof. Since F is finite (which will be used several times in this proof without mentioning it explicitly) and Z(/V) is finitely generated, extension (2) has a finite kernel and hence, Out(£, N) is finite if and only if Q is finite.
Therefore, if Out(£, N) is finite, then because of (3) (5), Q 2 is finite. Since £), is also finite, it follows that Q, or equivalently Out(£, N), is finite (use (4)).
• In particular, for almost-Bieberbach groups this means we have THEOREM 
The fundamental group of an infra-nilmanifold (i.e. an almostBieberbach group) has only finitely many outer automorphisms if and only if the centraliser of its holonomy group in the outer automorphism group of its translation subgroup is finite.
This clearly generalises the well known ( [20] ) similar result for Bieberbach groups.
Reduction to almost-crystallographic groups of lower dimension. Given an extension \->N->E-*F->\
realising a faithful finite abstract kernel and a characteristic subgroup F of N, we can factor out F to obtain 1->Af/F-> £/F-»F-*l. In this section, we investigate the relation between the (in)finiteness of Out(£) and Out(£/r) in case the induced extension of quotients also is compatible with a faithful abstract kernel. For example, in case D is surjective, then F is super-characteristic. In the sequel, we also need the following elementary group-theoretical result: Indeed, some characteristic subgroups T of N are known such that the resulting extension (of quotients) again is essential (or EIT is almost-crystallographic and the corresponding abstract kernel F-* OvX(N IT) is injective) and with N/T of lower nilpotency class. In fact, as seen in [9] , at least the following choices are available: taking F = vy,. + |(JV) ( 1 < / < C ) will reduce the nilpotency class exactly to /-step nilpotency and gives rise to an almost-crystallographic group £/vy, + ,(yV) of the Lie group L/y, + ,(L).
In case T = Vy 2 (/V), the nilpotency class is reduced substantially and brings us to an abelian kernel situation. The quotient £/F is called the underlying crystallographic group Cr(£) of £. Proposition 4.3 can now be formulated as follows: 
// the underlying crystallographic group Cr(£) of E has only finitely many outer automorphisms, then Out(£) is finite if and only if Inn(N) has finite index in T = Ker(D) n Ker(*). 2. // F is super-characteristic in N and Inn(N) has finite index in Ker(D), then
Out(£) is finite implies that Cr(£) has only finitely many outer automorphisms (or equivalently; C G |,,,, 2) F is finite). (i) Since /V-automorphisms in T induce the identity on /V/vy 2 (/V), they are unipotent (Lemma 1.1). We remark that in [6] a class of almost-crystallographic groups having infinite order outer automorphisms, restricting (on the translation subgroup) to such unipotent automorphisms as discussed here, is indicated. (ii) As already mentioned in the introduction, we invite the reader to weaken the sufficient condition to have that Out(£) is finite implies that Out(Cr(£)) is finite. A first objective should be the construction of an almost-crystallographic group E with only finitely many outer automorphisms and such that there is an outer automorphism of Cr(£) of infinite order.
4.3.
Examples. We illustrate our results using low-dimensional (<4) almostBieberbach groups. For an isomorphism type classification of these groups, we refer the reader to [2] and [4].
3-dimensional almost-crystallographic groups.
It is well known that every finitely generated, torsion-free, nilpotent group of rank 3 is isomorphic to a Heisenberg type group, T k , for some k e N o :
c,a] = [c,b} = \).
Consequently, each 3-dimensional almost-crystallographic group E fits into an essential extension l^>F A .
- where k e 4Z () . Obviously, the underlying crystallographic group of E is presented by 
C r { E ) : { a , b , a , P \ \ [ b , a ] = \ a a = a~[ a a b = b~[a )

Ra = aR
The isolator Vy 2 (/V) is generated by d and hence, the underlying crystallographic group of E is 3-dimensional. One easily verifies that or Out(Cr(£)) is finite.
Consider the following yV-automorphisms:
2.
Obviously, the unipotent automorphism v z belongs to T = Ker(D) fl Ker(*). On the other hand, for each z e Z , v. ^ Inn(/V) or the index of lnn(N) in T is not finite. We can lift these M-automorphisms v z (z e Z) to automorphisms of £:
We verify that a, £ Inn(£) and hence determines a free abelian subgroup Z of outer automorphisms (or Out(£) is infinite).
Infra-nilmanifolds supporting an affine diffeomorphism which is not virtually unipotent. From now on, let M = E\L be an infra-nilmanifold associated with the essential extension l-*N-*E-*F-*l.
The connected, simply connected nilpotent Lie group L is the Mal'cev completion of N. An affine diffeomorphism / e Aff(M) is called virtually unipotent if and only if there is a lifting/ E N Alt(l) E of /such that fi(f):L-* L is virtually unipotent. We shall prove that, if there is an affine diffeomorphism on an infra-nilmanifold which is not virtually unipotent, then the outer automorphism of the corresponding almost-Bieberbach group is infinite.
An interesting sufficient condition to conclude that the outer automorphism group of an almost-crystallographic group is infinite is the following: 
Proof. Let v be an automorphism of N which is not virtually unipotent and p(v) e C OuHN) tp(F).
Since the inner automorphism of N induce unipotent matrices, it follows that /;(v) has infinite order and hence Out(£) is infinite (Proposition 3.1).
• In the spirit of the previous section, it is interesting to remark that the following result states that the existence of an infinite order automorphism of an almost-Bieberbach group, arising from an automorphism of its translation subgroup which is not virtually unipotent (as introduced in Proposition 5.1), always implies that the outer automorphism group of the underlying crystallographic group is also infinite. 1. M supports an affine diffeomorphism which is not virtually unipotent.
There is an automorphism of E restricting to an N-automorphism which is not virtually unipotent.
There is an N-automorphism which is not virtually unipotent in M^ (the inverse image in Aut(N) of the normaliser of >p(F) in Out(N)).
There is an automorphism of N which is not virtually unipotent and corresponding to an outer automorphism which commutes with ip(F).
Proof. Assume / = q(f) e Aff(M) such that / e N A(!(L) E induces, via conjugation, an automorphism of L which is not virtually unipotent. Then the ^-automorphism induced by / (again via conjugation) of course restricts to an /V-automorphism which is not virtually unipotent.
Let a be an automorphism of E such that its restriction A(a) to N is not virtually unipotent. Then A(cr) (which belongs to M^, M (1) ) is an element of M^ which is not virtually unipotent.
Assume v e M^ is not virtually unipotent. Since F is finite, the F-automorphism v* has finite order, say k e M o -Consequently, v* is an JV-automorphism in ^f l K e r ( * ) , which is not virtually unipotent, and, because of (5) [16] ). In our terminology, for an infra-nilmanifold M = E\L, a hyperbolic infra-nilmanifold automorphism is an affine diffeomorphism of M inducing a hyperbolic automorphism of L. This is of course closely related to our work: indeed, remark that a hyperbolic automorphism of L is clearly not virtually unipotent. In this perspective, with a proof completely similar to the one for Proposition 5.3, one easily shows that PROPOSITION 
An infra-nilmanifold M = E\L associated with an essential extension 1^>N->E->F -»1 and an abstract kernel </>:F ->Out(N) supports a hyperbolic infranilmanifold automorphism if and only if there exists a hyperbolic N-automorphism corresponding to an outer automorphism which commutes with ip(F).
This generalises [18, Theorem 1.1].
Obviously, if there is a hyperbolic infra-nilmanifold automorphism, then the infra-nilmanifold also admits an affine diffeomorphism which is not virtually unipotent. Hence Via the Campbell-Baker-Hausdorff formula, we compute that dv e Aut(l)) maps Iogv4 H^log(^fiC) = \ogA + log B + {-log C log B ^ log(/l VC) = log A + { log C and hence corresponds in Gl(3, U) to
Compute that the characteristic polynomial of A v equals -x 2 + 2x + \ (note that all coefficients are indeed integers) and the eigenvalues of A v are -1 , ' "2^ and ' \ 5 . Hence, the affine diffeomorphism /of M is not virtually unipotent (but not hyperbolic o r / i s not an Anosov diffeomorphism) and consequently, Out(£) is infinite. Indeed, the reader can verify (use the theoretic set-up developed in [8] ) that 1^Z 2 XZ 2 -^ Out(£) -> Gl(2, Z)/Z 2 -»1 is exact.
We also could have used Proposition 5.2 to conclude that Out(£) is infinite since, if we factor out T = V-y 2 (/V) (the subgroup generated by c), v induces a hyperbolic automorphism D(v) s Gl(2, Z) on the abelian level sending a>-^ab and b<-^a. Even more straightforward, Out(£) is infinite since Cr(£) = Z 2 » A Z 2 , where A = 0 -1 (Corollary 4.6).
